







































































Hath2010 AdvancedCalculus I

DifferentialCalculusofMultivariableFunctions Howaboutvectorvaluedmultivariablefunctions

Tronevariablefunction Objectsof Studies III Fix x xn

we study fix eg fix 5 X 1 es multivariable jectorvalued

Differentiation fix 2x f 1 1 2 f 1133 R g IR 1132

Decreasing increasing
f Kyi21 xsinycoszgk.ys fx4y.ee'T

Want to do similar things
min ConcaveupApplication Study graph of functions

Curve Sketching RateofChangewithrespect to
RateofChange velocity acceleration each variable or any direction

Finding Maximin Finding Maximin

Approximation Approximation










































































Euclidean Space LR Aul l Thomas12.112.3 Rmk

IR Rx Rx RX XR In copies of IR Each Xi Xu Xn c R can be viewed as

Xi Xz Xn X EIR for l e i en a point or a rector in IR

CartesianRectangular coordinates
Notations

bold
Pictures 1 I X X Xuxa xn

y
IR IR gpo 11,2 2 AI is a vectorwith

initialpoint A terminalpoint By x
2

lengthImagnitude ABT or HATH

3 Z Z
IR n n

C l 1,1
pool1,11 p n Y

7 B
y or x

FB
L A
X

1134 or higherdimension Difficultto draw










































































Basic operations of vectors Pictures a 3 1 b 11,2

let a a az an c IR n
72b lb bz bn c IR a

r E IR

Equality L a
a D ai bi for iii 2 in

Addition y n

b Aba b faiths aztbz Antbn Itb a7
Scalarmultiplication a gj
r a ra ra ran a b I

5L
Subtraction

a b at C1 b
Parallelogram law

Ai bi asbe canbn










































































Length Dot Product in IR Properties of Dot Product

Defn let a ib E E IR r EIR Then

let a la az an cRn Itb E I It 5 I
b lb bz bn c IR I b E a b t a c

Define dot product rot b a RTs r aib

a b a b tab 1 anbn a b bat a a so zerovector
Warning Don't forget thedot withequalityholds I TE1070,0 0

In particular a a Half
a a aft aft tan a b HE1111511cos0 whereG is theangle

11a12 between a and b is
Anothernotation 10
tab a b

Hence if I b to a

Standard innerproduct a 5 0 cos0 0 Itb










































































Rmk Note

Fornes aregeometricproperties 115 8112 15 II b oil
Generalize 5.5 I b 5 a ta.ci

For n74 are definitions
11511411811 vi b

for Hoiland 0 Ontheotherhand

Pf of Horney 15 5 12 111041 1151105051 11511s.no

llalT 2llaHllbTlcosOtHbll4o5O
AssumeG E Iz

111511 s.ro
TT
l Hall 1115112 21184111511use

b f b a

Illbtlsino Compare and

y0 I
I

a Ex Try the case f Iz
11511050 11TH 11511050










































































eg let f I havesame length eg Consider a circlecentered at 0
Show that Ftw lt TKO AB is diameter
Sol
LHS Ftw tv W Showthat LACB 900

J J T.w tw.J w.ir
1141 T.w tj.ir yuya

Sol

Hull Hulk sameeength
AT_AT 10T

o BT BT 10T AJ to
Ftw 11T TI AT.BE Foto I AT 10T

Picture J
a AT AotAo.OT oc.AT 107.0T

v w
w we 11411141 HATH 1110413 NAOH 4041

w
rhombus

are radius
j Y 0

Geometric meaning O AT113T LACB 9o
Diagonals of a rhombus are perpendicular










































































Two inequalities Au 1.2 Pf

CauchySchwarz Inequality
Case 1 If a O or 5 0

Let a b CRn Then
Litts RHS O

a b I e Il a1154
Equalityholds and a 05 or b og

ie aibiefz.AT
Case2 a b to

Let fit Hta bIT for telR
Then

Equalityholds f It ta B ta b
to.to Hayyby

a r b or 5 ran
for some RER ta a ta I tb.at b b

Rink For h E 3

CauchySchwarz inequalityfollows from Note f It Htt 511270 forany t
d b Tall11511coso










































































Note that fcty HAHE za.IT 111511270 VtEIR
fit is a real quadratic polynomial Oeo
with leading coefficient Hall O l za 55 41110714111511440

For a realquadraticpolynomialwith II bYE 1181511511
positive leading coefficient

lot.to EllaHHbH
Also

Equalityholds

II µ stinasa
discriminant as 0 4 0 repeatedroot
norealroot repeatedroot

fir lira 511 0
for someREIR

o o rot 5 8 for somerelR
distinctrealroots D rot for some RER



Rmk Let I b to EIR TriangleInequality
7Weshowedthat if nE3 let a b EIR Then a 5

I b tall11511cost Ha bHell aIt111511 b

f cos f T
T Equalityholds a r b or b rot

11TH11511 for some rzo a

Forany nz Pf Ita15117 a b I a tbl

CauchySchwarzinequality a a tza.btb.to

le I b
E Hoi t 215.51111511

tall11511 I E Ila If 121181111511 1115112 CauchySchwarz

Hall1115115
Hence we can define HoitbHE HATH11511
0 05 Libby c l

Equalityholds
HATHbIt

If.jbI
a 5w5 r

with rto be the anglebetween

a and b for n 4
RmkCauchySchwarz inequality Triangleinequality

Pfabove Ex



Cross Product definedonly in 1133 ftp.hd
h 4 egleta 12.3.51 5 1112,3

n a n
let a Car AzAz b b bubs CIRS a b i J k

2 3 5
Definetheir crossproduct to be 1 z 3

axis J 135 in 1751 173kA A As
b be bs i j 1 I

L S lab L iiEi n
g Remark
awhere I 1 0,0 j 10 I O K 0 0,1

ixi o i xj k ixk jRecall detfabdf.la bd ad be jxi k jxj o jxk i

detf I Is
k i j kxj i kxk o

C Cz Cz i

a b b a b b a b k f
jCz C C C C Cz



Propertiesof Cross Product
i aXT 8

let I 5 c C1133 xPER
Algebraic Hollowfrompropertyofdeterminant

Area O

a rt or b rot for someRER
a xTo b x a

a b is linearlydependentx atp blx c xaxotp bx c.IS ee linear algebra
a x pb tri p axD t r a xE

Note a x a a I a T J
axbt.a caxbj.be o lExercise

Geometric If axD is non zero then
olet b betheanglebetween I b ax b ta ATB 5

faxBH HallHbksin0 Also aib aib satisfyrighthandrule
Areaof parallelogramspannedby5,5 naxb
y b 7 A

b OE0 IT a i b
O i i

a Vaxb



Pf of TripleProduct only in 11331

By straightforwardexpansion leta.b.EE R3 ordermatters

Ita x b112 11511211512 I b12 Theirtripleproduct of I 5 E is definedtobe

HATTIE'll'll 050 Iib c ai Ita cc as
HI121511 s in0 b b b

C Cz Cz A A A
y y a a as C Cz Czb Ih

Area Hahn
10 HallHbllsino b b b b b b

s
a

Rmk a as as
Iib I b b b

Area of T j Ill atbh c Cs Cs

If E d C IR then
Rmk It followsfrom that

Area of d deff'd d laxbj.E lbxcs a cixas.to
b xd c carb a axe b



Geometric Meaning For a E Iz
5 5 T Volumeofparallelepiped Ext c tax5111141cost

spannedby I b I Itax5Hh
i

BaseArea height

i Volume of parallelepiped
c ni
b The case for TEs Et is similar
a i

Pf i
ni

i E y
I all

I i 7i y j b b
rk Cyh

b it b
V Ext c Volumeof parallelepiped

7 Rmka a AzUs

Iz Ttb E b.bz b O Volume of parallelepiped_O
c as

aib E is lindependent



Given 4 points A B C D in 1133 es let A 1 Oil 13 11 1.2
2 I l D 2 I 3

Find volume of tetrahedron ABCDD D
l I

f in Sol
C C n

r r n
r r n AB 1 1.2 1 0,1 10,1 1
A B A B AT 1 1,0
Parallelepiped Tetrahedron AT u i 2

Volume of Tetrahedron
AI xAT AI 2

f Area IABC height

J Area ac
B height volume of tetrahedron f I 21 f

tf Volume of Parallelepiped


